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Objectives
1. Classify and formulate problems
- LP, including Goal programming
- IP

- Min Spanning tree

- Shortest path

- Max flow / Min cut

- Transportation

- Assignment

- NLP

2. Solution methods – How, when, and why

- Simplex & Dual Simplex (LP)

- Goal programming (LP)

- Interior Point (LP)

- Branch-and-Bound (IP)

- Greedy algorithm (Min sp tree)

- Breadth-First Search (Short path)

- Dynamic programming

- Search Methods (unconstr NLP)

- KKT (Constrained NLP)

3. Theory & its Applications
- Duality

- Matrix formulation of Simplex

- Complementary solutions

- Sensitivity analysis

“Mathematics cannot be learned without being understood – it is not a matter of formulae being committed to memory but of acquiring a capacity for systematic thought.”

Peter Hilton, “A Job on Our Hands”, MAA Focus, March 1986

OR 411 Fall 03 Schedule
Lesson
Topic









Sections





Due




1

Overview of deterministic OR




Preface, Ch. 1-2

Basics of Linear Programming (LP) 
2

Introduction to LP






3.1 pp. 24-27, 3.2 pp. 33-34, 3.4-5  Syllabus Input
3

LP assumptions & forms





3.2 pp. 31-33 (& parts of 4.2, 4.6, 6.4), 3.3

4

Graphical solution to LP





3.1 pp. 27-31, 3.2 pp. 35-36
Simplex Methods, Duality, and Matrix formulations for LP
5

Formulations








All of Ch. 3, esp. 3.4-5; 3.8

6

Matrix review & Basic Solutions



App. 4, pp. 116-7, 198-9

Quiz #1
7

Simplex method







4.1-4
8

Simplex method, continued; degeneracy


4.5, 5.1  





HW #1
9

Computer lab: Excel & other packages for LP
3.6-7, 4.8, App. 3.1, App. 4.1, App. 1
10

Simplex 2-phase method: Artificial variables

4.6 (skip Big M method), 4.10

11

Goal programming






7.5

12

Introduction to duality






6.1 (skip “Complementary” properties on pp. 236-7 for now)
13

Duality for other forms





6.4






Quiz #2
14

Economic interpretation of duality



4.7 pp. 153-6, 6.2



Write #1


15

Complementary slackness





6.3 pp. 243-5 & 6.1 pp. 236-7
16

Dual simplex method






7.1






HW #2

17

Matrix formulation






5.2 (skip pp. 208-212)
18

Fundamental insight;
Complementary solutions
5.3; rest of 6.1 & 6.3


Quiz #3
19

Sensitivity analysis






4.7 pp. 151-2,156-7, 6.5-8 
Rewrite #1
20

Individual evaluation






-






Evaluation
Integer Programming (IP)

21

IP problems








12.1-3
22

IP, continued








12.4-5, 12.8 (skip pp. 628-630)
23

Formulations








12.2-5
24

Branch-and-bound






12.6-7

25

Computer lab














Quiz #4
26

Branch-and-bound, continued




12.6-7, 12.9

Networks, Transportation & Assignment, and Dynamic Programming Method

27

Introduction; min. spanning tree; shortest path
9.1-4





HW #3
28

Maximum flow / Minimum cut




9.5, 9.8
29

LP formulations

30

Transportation problem





8.1-2





Quiz #5
31

Assignment problem






8.3-4
32

Formulations & Computer lab











Write #2

33

Dynamic programming





11.1-3, 11.5
34

Formulations















HW #4
Nonlinear Programming (NLP) & Interior Point Method for LP
35

Introduction to NLP






App. 2-3, 13.1-3



Quiz #6
36

Unconstrained optimization – one variable

13.4
37

Unconstrained optimization – multivariable

13.5






Rewrite #2
38

Computer lab; Formulations
39

Constrained optimization: KKT conditions

App. 3, 13.6, 13.11


HW #5
40

Interior Point Method






4.9, 7.4, 7.6
41

Individual evaluation






-






Evaluation
42

Review for Final







-

Emphasize







Deemphasize

1

- Frequent short quizzes





- Infrequent hour-long exams
- Oral evaluations


























2
- Writing assignments






- Mechanical operations



























3
- Physical/Economic understanding

- Linear algebraic view of

of duality (complementary slack-


complementary solutions

ness, dual solutions in tableau)

- Top level matrix formulations &

- Matrix manipulations: revised
Understanding of sensitivity analysis
simplex method, detailed

sensitivity analysis


























4
- Problem formulations





- Detailed solution techniques

- General problem solving




- Theory e.g. convexity
Text: 



Hillier & Lieberman
References:
Winston








Kolman / Beck








Walker








Taja








Bazaara et al
1

Oral evaluations
Why?

Sample questions:

· Problem given 3 days before – formulation that can be simplified; ask about minor modifications
· What if something on right side of tableau goes negative?
· What is the goal of phase 1 of the 2-phase?

· What method to disrupt a communication network?
· What method to minimize x5 – 12 ln x + sin ((x)?

-
Max z   =
    x +  y


s.t.

    x + 4y  (  9

 
















12x + 8y  ( 33


















x, y  ≥ 0 and integers











x ( 1
z = 3












x = 1, y = 2

All


z = 3.375

x = 1.5,

y = 1.875




x ≥ 2
z = 3.125










x = 2, y = 1.125
Based on the original IP and this branch, the best next step would

be - ?
2

Writing Assignments
Why?

Sample assignments:

Each assignment is one page maximum and typed

· Express, in your own words, the following: Why algebraically does the simplex method work?  Why is it important in the simplex method that the variables be nonnegative?  In other words, what is it about the method that makes Z increase, and what restricts its increase in each iteration?
· Suppose you are chatting with a friend of yours who is not trained in mathematics, about your OR class.  You explain that IP’s are an important topic in OR.  Your friend says “Why should those be so hard to solve?  Just check the possibilities!  In fact, that is easier than solving a problem where the answers can be anything!”    How would you respond to your friend?  Use terminology that your (non-mathematical) friend would understand.  Finally, propose a simple but new heuristic that you might incorporate into the IP solution.  Make the heuristic simple so that you can explain it in just a couple of sentences or so, at most.
3

Physical View of Duality



Top Level Matrix View
Why?

Sample worksheets:

Economic Interpretation of Duality - Example
You are a farmer (Farmer John) and you sell cows and pigs, which eat potatoes and corn.



Sells for

Eats per day

Eats per day

Variable name

You have 80 kg potatoes
Cow:
$11 / cow

1 kg of potatoes
4 kg of corn

x = # cows



and 180 kg corn 

Pig:
$6 / pig

2 kg of potatoes
3 kg of corn

y = # pigs



available per day


P
Max Z
=
11
x + 6
y



(profit)

s.t.
  (1)

x + 2
y  ( 80     
     (potatoes)

  (2)
4
x + 3
y  ( 180         (corn)


  


   x,y  ≥ 0

(Note: This really isn’t profit, it is revenue.  In order to be profit, we have to subtract cost (e.g. costs to maintain livestock and to obtain feed).  Assume here that the selling price accounts for maintenance cost and that the cost for feed is fixed, so it just changes the revenue by a constant.)

  y (pigs)
























Optimal
























solution:






increasing corn












#cows
= x* = 
45



 ( 0 , 40 )

moves this line












#pigs
= y* = 
0
























Profit
 = Z* = $495









        ( 24 , 28 )
















increasing potatoes















moves this line















    ( 45 , 0 )









x (cows)


   ( 0 , 0 )





















potatoes















(2)
corn









(1)

To increase your revenue, should you increase the number of cows or pigs?  Potatoes or corn?

Cows: (x) Yes – x is in the basis
Pigs: (y) No – y is not in the basis – given the choice, increase cows
Potatoes: (1) No – constraint not binding, so we don’t even use all the potatoes we have
Corn: (2) Yes – constraint is binding, so having more corn would help

The Dual …






minimizes (implicit) cost of resources





$/kg potatoes
D

Min W
=
80

u + 180
v








From (1(): What are units of u & v?

s.t.
  (1()


u + 4

v  ≥ 11


(cows

 ) 

What are the units of W?
$



  (2()
2

u + 3

v  ≥ 6


(pigs

 ) 

(Note: “per day” is understood, so










   u,v  ≥ 0







 we won’t include that in the units.)

   v (corn)



   ( 0 , 2.75 )



















Optimal

























solution:

























u*
 = $0/kg potatoes






















v* 
= $2.75/kg corn






















W*
= $495



















    ( 11 , 0 )

















    





u (potatoes)






(2()
 pigs









    (1() cows
Potatoes: (u) increasing does not help e.g. if 81: 81(u*) = 81(0) = 0























Shadow prices
Corn: (v) increasing from 180 to 181 increases by $2.75
Unit increase in corn ( u*($2.75) increase in profit
You are willing to pay up to $2.75 / additional kg corn ( (1) is binding – using all corn
Cows: (1() binding – increasing cows increases u*, which increases W* ( = Z* = profit)
(1()
 (1 kg potatotes/cow)($0/kg potatoes)
 + (4 kg corn/cow)($2.75/kg corn) ( $11/cow


cost of resources/cow must account for cow’s selling cost
Pigs: (2() not binding – increasing pigs does not help ( #pigs = y* = 0
This suggests:
Constraint not binding  (
  dual variable = 0 (e.g. (2) not binding ( shadow price=0




Variable ( 0


  (
  dual constraint is binding (e.g. u*=0 ( (1) binding)

…

Dual Solutions in the Tableau

  Max Z =     11 X1 +    6 X2 

  subject to

   1)          1 X1 +    2 X2 <=      80

(potatoes)
   2)          4 X1 +    3 X2 <=     180

(corn)
   and

          X1 >= 0, X2 >= 0.

  Bas|Eq|        Coefficient of      | Right

  Var|No| Z|   X1    X2    X3    X4  |  side

  ___|__|__|_________________________|______

     |  |  |                         | 

   Z | 0| 1|  -11    -6     0     0  |     0

   X3| 1| 0|    1     2     1     0  |    80

   X4| 2| 0|    4*    3     0     1  |   180

  Bas|Eq|        Coefficient of      | Right

  Var|No| Z|   X1    X2    X3    X4  |  side

  ___|__|__|_________________________|______

     |  |  |                         | 

   Z | 0| 1|    0  2.25     0  2.75  |   495


(The reason these values are highlighted
   X3| 1| 0|    0  1.25     1 -0.25  |    35


 is mentioned later, below.)
   X1| 2| 0|    1  0.75     0  0.25  |    45


Algebraic form:
Z  = 495 – 2.25x2 – 2.75x4








x3 =  35 – 1.25x2 + 0.25x4








x1 =  45 – 0.75x2 – 0.25x4
Suppose we have one additional kg of corn (181 total), and we use it.  Then the corn constraint in our LP is violated by one – which corresponds to letting the slack variable x4 being equal to -1.  (This is infeasible in our LP, but is OK now since we have one additional kg corn.)  Then, in the first equation in the algebraic form above, Z increases by 2.75 ( = (-2.75)(-1) ), which is the shadow price for corn.  Observe that this 2.75 shows up as the coefficient of x4 in the top row of the tableau!
(The other slack variable x3 is nonzero and thus basic, which is the same as saying the potato constraint is not binding – we have a surplus of potatoes.  Since it is basic, its coefficient in the top row of the tableau is zero, which is the potato shadow price.)

The Point: The shadow prices – i.e. the optimal dual variable values – appear in the simplex tableau under the slack variables in equation (0)!!

Some Reasons the Dual is Important
· Economic interpretation.  The shadow prices are of considerable interest.
· Good way to test your answer.  Obtain the optimal dual solution from the tableau and/or from complementary slackness.  Check that the solutions are all feasible and that Z* = W*.  If they are not equal, you have made a mistake somewhere.

· It may be easier to solve the dual, and then obtain the primal solutions from the tableau or complementary slackness.  It turns out that the simplex method running speed is dependent primarily on the number of constraints, and much less so on the number of variables.  So, if the dual has fewer constraints, use it.

e.g. Suppose the primal has 10 variables and 100 constraints.  After adding slack and/or surplus variables where needed, you have between 10 and 110 variables.  But simplex is not very sensitive to number of variables; the 100 constraints is what is important.

Now take the dual.  It has 
100
 variables and 10
constraints.  Which is better – to solve the primal or solve the dual?

· Sensitivity analysis – later in the course.
Two Ways of Viewing the Simplex Tableau in Matrix Form
1  Using equations (4) and (11) – where we have separated the basic from the nonbasic variables – the system at any given iteration is






Z 

+  (cBTB-1N – cNT) xN   =
cBT B-1b

    
     IxB  +   


 (B-1N) xN   =
      B-1b

Writing this in tableau form:









Z
xB


     xN


right side







_











_




Equ. (0)
|
1
 0T

cBTB-1N – cNT
   |
cBT B-1b
  |



Equ. (1)-(m)
|_
0
 I


   B-1N

   |
      B-1b
_|
We will use this system when performing the revised simplex method (section 5.2) and when performing sensitivity analysis (sections 6.5-7).

2  A second way to view this is if we separate the original decision variables from the slack variables.  (This is how the text does it; see pp. 203-207.)  Write the original inequality system as

AD xD ( b 







(the D subscript stands for “decision variables”;

 the text does not use this)

Adding slack variables xS, we obtain

AD xD + IxS = b


or, equivalently

[AD , I] 
[image: image1.wmf]ú
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= b

This is our augmented system Ax = b where A = [AD , I] and x = 
[image: image2.wmf]ú

û

ù

ê
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S

D

x

x

.  (Similarly, c can be partitioned; observe that cS = 0).  The tableau turns out to be:








Z


xD


   xS

right side






_












_



Equ. (0)
|
1
cBTB-1AD – cDT
cBTB-1

|
cBT B-1b
  |

(this is the system

Equ. (1)-(m)
|_
0

    B-1 AD

   B-1
|
      B-1b
_|

 on pg. 207)

We will use this system in understanding a fundamental insight (section 5.3), in understanding primal-dual relationships (sections 6.1 & 6.3), and when performing sensitivity analysis (sections 6.5-7).
4

Problem Formulations



General Problem Solving
Why?

Samples:
Part I: Matching questions.  Each match is worth 5 points.  For each technique on the left indicate, from the choices on the right and using its letter, the reason for the technique.  There are more choices than there are matches, so you will not use all choices, and it is permissible to use any choice more than once.

1.
Penalty or barrier function

Reason: 
C (B accepted for 3 pts)
2.
Dummy source or destination in a transportation problem

Reason: 
G


3.
Hybrid Karmarkar’s interior point and simplex methods

Reason: 
F


4.
Karush-Kuhn-Tucker (KKT) conditions

Reason:
H



5.
Projected gradient

Reason:
B (C accepted for 3 pts)
A
Guarantees that a critical point is a global maximum
B
Keeps the trial solution in the feasible region (in the interior or on the boundary)

C
Keeps the trial solution in the interior of the feasible region (away from the boundary)

D
Solves an LP with multiple objective functions

E
Allows a more space to shoot through the interior of the feasible region

F
Solves a huge LP with many constraints where sensitivity analysis may be needed

G
Forces supply and demand to be equal
H
Used to check if a point is in fact a solution to a constrained NLP

Part I, continued: More matching questions.  Each match is worth 5 points.  For each problem on the left, indicate, from the choices on the right and using its letter, the method that is most appropriate for the problem.  There are more choices than there are matches, so you will not use all choices, and it is permissible to use any choice more than once.

6.
Matching medical school graduates to residencies, where each potential match has a benefit associated with it.

Method: 
A


7.
Max Z = x1 + x24 + x1x23– 2x17sin(x1)

s.t.
20 nonlinear constraints and x1, x2 ≥ 0

Method: 
G (B accepted for 3 pts)
8.
Wienerco food company produces hot dogs by blending beef, pork, and mutton.  These three ingredients have different costs and are made up of different proportions of fat and protein.  Wienerco’s objectives are to have at least 15% protein in each hot dog, at most 8% fat in each hot dog, and a cost of at most 8 cents per hot dog.  Violation of each objective has some penalty associated with it.

Method: 
E




9.  Max Z = 4x1 + 6x2 – 2x12 – 2x1x2 – 2x22

Method: 
H



10.  During peak hours, if a power company charges p1 dollars/kilowatt-hour (kwh) then customers demand (60–0.5p1) kwh of power.  During off-peak hours, if the company charges p2 dollars/kwh then customers demand (40–p2) kwh of power.  It costs $10/day to maintain each kwh of capacity.  The company must meet peak and off-peak demands, and wishes to maximize profit.

Method: 
G or B


A
Formulation as an assignment problem

B
Karush-Kuhn-Tucker (KKT) conditions

C
Hybrid Karmarkar’s interior point and simplex methods
D
Karmarkar’s interior point method

E
Goal programming
F
One-dimensional search method
G
Constrained multivariable NLP search method
H
Unconstrained multivariable NLP search method
Name



Key










OR 411


Quiz 2


















12 Sep 2003

40 pts.
2. (15 pts.)  You have 500 square feet of your own storage space available for wheat and barley.  Each ton of wheat takes up 4 square feet and each ton of barley takes up 7 square feet.

a. (3 pts.)  Let


x1 = number of tons of wheat you will store

x2 = number of tons of barley you will store 

Write the constraint for the above situation.

4x1 +7x2 ( 500


b. (3 pts.)  Now suppose you can buy extra storage space if necessary at a cost of $2/square foot.  You want to pay as little as possible for extra storage space.  What is the name of the approach you would take for this problem?





Goal programming
c. (9 pts.)  For the situation in part (b), write the objective function and the constraint(s) you should use.

Min Z  =
2y+
s.t.


y = 4x1 +7x2 – 500


(Or, combine these two constraints into the





y = y+ –  y–




 single constraint
y+ –  y–
 = 4x1 +7x2 – 500 )

(Also: x1, x2, y+, y– ( 0 and y unconstrained.  The unconstrained y is not needed if you eliminated y by combining the two constraints – see above)

Name



Key







OR 411

Quiz 4

15 minutes














17 Oct 2003



40 pts.

1. (14 pts.)  Product 1 brings a profit of $5 apiece and Product 2 brings a profit of $3 apiece.  If any of Product 1 are produced, there is a start-up cost of $12.  Write the objective function and constraint for this situation.  (There may be other factors and constraints for the problem, but only write the objective function and constraint for the situation described.)

Max P =
5x1 + 3x2 – 12y1
s.t.


x1 ( My1
where y1 is binary and M is a huge number

(larger than x1 could possibly be)
2. (14 pts.)  Suppose x1 and x2 are binary variables.

(a) Suppose both cannot be zero.  Write a (linear) constraint that forces this.

x1 + x2 ( 1
(b) Suppose that x2 must be equal to 1 if x1 = 1.  Write a (linear) constraint that forces this.

x2 ( x1
3. (12 pts.)  Suppose x1, x2, and x3 are binary variables and 6x1 – 2x2 + 5x3 ( 3.

(a) Can you fix one of the binary variables to some value?  Justify your answer; if the answer is yes, say which variable can be fixed and whether it is fixed to 0 or 1.

We can fix x1 = 0.  If x1 = 1, there would be no way to satisfy the constraint, since at most 2 could be subtracted and that still would not get you down to 3.
(b) Write all combinations of the binary variables that work in the constraint.  (Hint: There are only three combinations.)

Given x1 = 0, we can have {x2 = x3 = 0}, {x2 = x3 = 1}, or {x2 = 1 and x3 = 0}.  (The only remaining possibility is {x2 = 0 and x3 = 1}, but that does not satisfy the constraint.)

Extra Credit:  Recall the Eve & Steven problem we did in class:

Eve and Steven want to divide their chores: Marketing, cooking, dishwashing, and laundering.  Each must have two tasks and they want to minimize the total time.  Their times for the chores are:







Marketing

Cooking

Dishwashing

Laundry

Eve

4.5 hours

7.8
hours

3.6 hours


2.9 hours

Steven

4.9 hours

7.2 hours

4.3 hours


3.1 hours

The formulation is:

Min T =
4.5xEM + 7.8xEC + 3.6xED + 2.9xEL + 4.9xSM + 7.2xSC +4.3xSD + 3.1xSL
s.t.


xEM + xEC + xED + xEL = 2

(Eve must perform exactly two tasks)




xSM + xSC + xSD + xSL = 2

(Steven must perform exactly two tasks)




xEM + xSM = 1




(Marketing must be done)

xEC + xSC = 1




(Cooking must be done)

xED + xSD = 1




(Dishwashing must be done)

xEL + xSL = 1




(Laundry must be done)

Each xij binary

(a) Explain why the first constraint is made redundant by the other five constraints.
The first constraint is a linear combination of the other five:  Add the last four and subtract the second.  Physical explanation is adequate.  (Important Note: We can take linear combinations of these constraints because they are equations.  If constraints are inequalities, you cannot subtract.  For example, if you take 12 ( 14 and subtract 6 ( 14 you falsely obtain 6 ( 0.)
(b) Does your logic for (a) apply to any of the other constraints?  Explain.
Yes – any single constraint is made redundant by the other five (though only one can be removed).  As seen in (a), the six constraints are linearly dependent.  For example, the marketing constraint is equal to the sum of the first two constraints minus the last three constraints.  Intuitively: The first two constraints ensure that exactly four chores are performed, and the last three constraints ensure that cooking, dishwashing, and laundry are each performed only once; this leaves only marketing to be performed once.
Name



Key







OR 411

Quiz 5

20 minutes














31 Oct 2003



40 pts.

1. (20 pts.)  A utility is linking the communities in a new service area.  It wants to make its connections with a minimum total distance between communities, with the requirement that there is a path between any pair of communities.  The distances in miles between pairs of communities are given below.  For those pairs not listed, there is no possible link between them due to physical obstructions.

A-B: 30



B-C: 18



C-D: 25



D-G: 20

A-D: 11



B-D: 20



C-E: 20



E-G: 15

A-E: 23



B-F: 14



C-F: 12



F-G: 20

A-G: 25

Formulate this problem using an appropriate model and, using that model, determine a set of links to include.  How many total miles of links must be included?  Briefly explain your model and the solution method.

This is a minimum spanning tree problem.  We begin (arbitrarily) at node A and use the greedy algorithm.  Selected links are darkened, with a total of 92 miles.  (Note: There are in fact five different sets of links that work – all of which, of course, have a total of 92 miles of links.)













A









25





30











23

11

G











B














 14

  20








  18





  20









 20


F





12





C









 15
















     25











  20

E



D

2. (20 pts.)  Consider the following binary integer programming problem (BIP):






Max  Z = 
2x1 + 7x2 + 3x3





s.t.


3x1 + 5x2 +   x3  (  4










    x1, x2, x3 binary

Note: You can solve any part of this problem without having solved the previous parts.

(a) Solve this problem by inspection.  Briefly explain your logic.  (Hint: Look at the constraint.  Can you reduce the problem?)

Variable x2 cannot be equal to one in the constraint, so it is zero.  We can then make x1 and x3 equal to one.










(

x1 = x3 =1











x2 =0



Z = 5
(b) In the LP relaxation, what constraints replace the constraints that x1, x2, and x3 are binary?





Nonnegativity:

x1, x2, x3 ( 0




and




x1, x2, x3 ( 1
(c) Perform one branch of the BIP branch-and-bound algorithm.  Branch on x1.  You are given that the solution to the original LP relaxation is x2 = 4/5 and x1 = x3 = 0, so you do not have to solve that.  (Hints: Recall that the values of x2 and x3 need not be integers in either branch.  Do you have to do any work to solve the branch on x1 = 0, or do you already have the solution?  The branch on x1 = 1 can be quickly solved by inspection using that only one of x2 and x3 will be nonzero.)








x1 = 0

same solution as original
x1 = x3 = 0




LP relaxation

x2 = 4/5

Z = 5.6

x1 = 1

2  +  Max 7x2 + 3x3

(
x3 = 1 (and x1 = 1)
   s.t.  5x2 +   x3 ( 1

x2 = 0







Z = 2+3 = 5
Correlations

· Quizzes

· Homeworks

· Final Exam

Solid, with each other:
0.67 ( r ( 0.77

· Total Score

Strong, with above:


0.86 ( r ( 0.91

· Oral Evaluations
Moderate, with above:
0.45 ( r ( 0.73

· Writing Assignments
Lower, with above:


0.28 ( r ( 0.40
Other techniques

· Rewrites
· Homework redos

· “Preflights” (pre-class short text questions)

· In-class team exercises

· Computer labs (e.g. Excel)

· Networks formulated as LPs

· Student double-blind grading

· Student syllabus inputs
· “War” stories, e.g. industrial experiences
PAGE  
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